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Density Measurements in an Axisymmetric Underexpanded
Jet by Background-Oriented Schlieren Technique
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The background-oriented schlieren (BOS) technique has been applied to obtain the mean density field of a
complex underexpanded jet flow. The measurements were made on an axisymmetric sonic jet operating at ideally
expanded and highly underexpanded values of nozzle pressure ratios. The methodology involved two steps: vali-
dation of the filtered backprojection tomography used here, by making measurements on a four-jet configuration
followed by density measurements on axisymmetric sonic jets. Pitot measurements made on an ideally expanded
sonic jet were utilized for validation of BOS. The presented density fields show that meaningful quantitative data
can be extracted by using minimal hardware with this technology.

Nomenclature
D = nozzle exit diameter, mm
M j = jet exit Mach number
Pa = ambient pressure
Pe = jet exit pressure
Poj = jet total pressure
x = streamwise direction
y = vertical direction
z = direction along the line of sight of the camera
∂ρ/∂y = density gradient in the vertical plane
θ = azimuthal angle of imaging around jet
ρ = density
ρa = ambient density
ρe = density at nozzle exit

I. Introduction

D EVELOPMENT of new flow diagnostic tools that are non-
intrusive and quantitative, as well as applicable to real-life

full-scale flows, is an important area of experimental aerodynamics
research. Although all optical techniques to study density fields in
transparent media (usually gases or liquids) depend on variation of
the index of refraction in the medium and the resulting effects on a
light beam passing through the test region, quite different quantities
are measured with each one. Techniques like schlieren and shadowg-
raphy provide qualitative information on first and second derivatives
of density, respectively. Interferometry, on the other hand, provides
quantitative information on the density field, but setting up such
instrumentation requires tremendous care.

The choice of lasers as a source of illumination, improvements
in charge-coupled device technology, and fast computers for im-
age acquisition and analysis has resulted in a resurgence of quan-
titative optical methods. A technique proposed by Meier1,2 called
the background-oriented schlieren (BOS), which is a quantitative
schlieren technique, is based on the principle that the image of an
object is the convolution of the object function and the transfer chan-
nel function. Thus, deconvolution will describe the transfer channel
function if the object and image are given. A major advantage of this
technique is that it requires only a digital still camera with adequate
resolution and an appropriate background.
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Earlier studies2−4 have qualitatively demonstrated several possi-
ble applications of BOS; these include density fields of helicopter-
generated vortices and supersonic jets. In recent years, there have
been some attempts to quantify the density or density gradient field
by broadly using the schlieren principle. Prominent among these in-
clude the “synthetic schlieren” method proposed by Dalziel et al.,5,6

which is applied7 to an oscillating sphere in a stratified flow and
agrees very well with theoretical values.8 The technique imple-
mented here differs from the aforementioned method in the filtered
backprojection tomography (FBPT) technique, which does not need
assumption of axisymmetry and obtains the density field instead of
wave amplitudes.

The first quantitative validation of BOS for obtaining the density
field was reported by Venkatakrishnan and Meier.9 Their BOS data
reduction procedure involved three major steps9: 1) obtaining the
displacements of a structured background in the absence and pres-
ence of a flow, 2) calculation of the projected data set in one direction
by solving a field equation formed using step 1, and 3) obtaining
the density field in one plane using FBPT. They demonstrated ex-
cellent agreement of the density field obtained by applying the BOS
technique on a cone-cylinder flow at Mach 2.0 (results available
in cone tables10); separate validation of the tomographic algorithm
was found unnecessary because of the excellent agreement with data
from the literature.

The present work is a logical extension of application of the BOS
technique to a more complex flow, such as an underexpanded ax-
isymmetric sonic jet flow at high speeds (M j = 1). However, to
ensure that the extracted plane of interest is indeed passing through
the jet center, a validation of the tomographic algorithm is required.
This essentially involves two major steps. First, we validate the to-
mographic technique by applying BOS to extract the central plane
of a supersonic multijet flow in a four-jet cruciform configuration.
Extraction of the central plane yielding the correct jet physical di-
ameters and spacing would provide adequate confidence in the de-
termination of the density field of the axisymmetric jet in a diame-
tral plane. In the second step, BOS measurements are made in the
axisymmetric jet and the density field in a diametral plane is deter-
mined by FBPT. This is initially performed on an ideally expanded
sonic jet and the extracted centerline values are compared against
those calculated from pitot probe measurements on the same jet.
The ideally expanded sonic jet is chosen for validation because the
absence of shocks makes for easy comparison against conventional
pitot data. Thereafter, the technique is applied on a highly underex-
panded jet to obtain the density distribution in the central plane.

II. Background-Oriented Schlieren Methodology
The principle of the technique is the refractive index variation

due to density gradients. Two images of a deliberately structured
background (usually a dot pattern) are obtained. The first is through
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Fig. 1 Optical path for density gradient measurements by light
deflection.1

the undisturbed transfer channel and the second is through the phase
object of interest. The field gradients in the path of the imaging
rays cause the deflection of the light rays, leading to shifts in the
imaged background. This displacement provides information about
the phase object (Fig. 1).

The determination of the density field using BOS thus involves
the following steps:

1) Displacements are calculated in the background, which is im-
aged through the flow of interest. This is done through a particle im-
age velocimetry–type (in-house) cross-correlation algorithm. These
displacements are the vectors indicative of density gradient at each
point.

2) The line-of-sight integrated density field is calculated by solu-
tion of the Poisson equation, which is the gradient of the preceding
displacements.

3) Optical tomography (filtered backprojection) is used to deter-
mine the density field in the actual plane of interest.

Although a simple Abel inversion method would technically suf-
fice in the case of an axisymmetric flow, Venkatakrishnan and Meier9

have shown that the method is noise prone. The FBPT would have
the further attraction of being universally applicable to axisymmet-
ric and nonaxisymmetric flows. FBPT is based on the principle that,
when a field cannot be approximated as two-dimensional in the line
of sight, tomography can be used to reconstruct any plane of the
field from a set of projections. The tomographic method can be of
the transformation, series expansion, or optimization type.11 Where
optical access to the flow is not restricted and several views are avail-
able, the first method is the most optimal and is used here. Further
details of the BOS technique and its validation can be found in Ref. 9.

III. Experiments
A. Experiments to Validate the Tomographic Technique

The experiments were carried out in the 0.5-m base flow facil-
ity wind tunnel at National Aerospace Laboratories (NAL) (Fig. 2).
This facility has a moving nozzle around a center body that can
provide a supersonic jet flow or multiple jets of desired Mach num-
ber (for details see Ref. 12). The experimental program essentially
involved two major steps. First, experiments were carried out on a
four-jet configuration13 to validate the tomographic technique. Four
identical jets designed for M j = 2.5, with 36-mm exit diameter in a
cruciform configuration (two jets each, on the horizontal and vertical
planes), made up the multijet afterbody, which was fixed to the cen-
terbody of the tunnel (Fig. 3). The separation between jets at the exit
plane along the diameter was 20 mm. As can be expected, obtaining
conventional schlieren images of the central vertical plane (section
AA in Fig. 3b) of the multijet body is difficult in view of the two
neighboring jets. The tomographic technique is validated when the
reconstructed vertical plane AA of the central jets matches the geo-
metric separation distances. The jets were run at an underexpanded
condition of Poj/Pa = 7 (Pe/Pa = 5.32).

B. Experiments on the Underexpanded Axisymmetric Sonic Jet
In the second step, experiments were carried out on an axisymmet-

ric jet issuing from a convergent nozzle at Mach 1.0. BOS measure-

Fig. 2 Schematic of experimental setup.

a)

b)

Fig. 3 Multijet in the NAL Base Flow facility.

ments were made for two jet pressure ratios, corresponding to ide-
ally expanded (Pe/Pa

∼= 1) and highly underexpanded (Poj/Pa = 6,
Pe/Pa = 3.17). The test setup for the single underexpanded jet was
the same, except that the multijet centerbody in the tunnel was re-
placed with a convergent nozzle of exit diameter D = 30 mm. The
axial extent of the imaging was x = 5D.

C. BOS Experimental Procedure
The procedure used for the BOS technique was essentially the

same for the multijet and axisymmetric jet flow studies.
A structured background to focus on was created by means of

a normal random number generator. This generated a 2000 × 2000
matrix of random numbers the elements of which were normally dis-
tributed with zero mean, unit variance, and standard deviation. The
matrix was plotted as a binary image, by using black dots for all
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nonzero values. Because tunnel vibrations could cause erroneous
results on cross-correlation, care was taken to minimize vibrations
of the background and camera. The printed-out pattern was sand-
wiched between two thin sheets of glass and mounted on a heavy
stand fixed on a concrete block to minimize vibrations (see Fig. 2).

The background was illuminated to achieve a better signal-to-
noise ratio by means of placing a large halogen lamp far enough
behind so as to approximate parallel beam conditions, thus elimi-
nating the need for methods to resort sets of fan beam projections
into parallel beam projections.11 The imaging was taken through
the schlieren windows of the tunnel. The optimal locations for the
background, light source, and camera were arrived at by using the
methodology outlined in Ref. 9 and keeping in mind that increasing
sensitivity (displacement of image) meant lower physical resolu-
tion because the interrogation size used in the correlation algorithm
would have to be correspondingly larger.

The images were captured using a commercially available Sony
DSC F-707 digital still camera with 5.1-megapixel resolution. The
exposure time was limited to 1/2500th of a second to enable suffi-
cient depth of field to focus on the flow as well as the background.
The camera was mounted on a heavy tripod, fixed to the ground
0.7 m away from the tunnel.

As pointed out before, the multijet experiment required at least
two views, whereas a single was sufficient for an axisymmetric
jet. The multijet flow was imaged at θ = 0 deg (section AA) and
45 deg (section BB) with 0 deg coincident with the z = 0 axis.
This was achieved by rotation of the nozzle assembly. In the case
of the axisymmetric jet, the flow was imaged at θ = 0 deg (see
Fig. 3b for coordinate system). For each case, three images were
captured and the displacement fields were averaged. As is obvious
for the cruciform configuration chosen, a perspective at any an-
gle beyond 45 deg would yield images identical to those already
obtained. The exposure time of the imaging was limited by the
camera (0.4 ms). Due to the inherent unsteadiness (of the order
of 5–7 kHz) present in such turbulent flows, slight blurring of the
edges of the shear layer and the shocks is unavoidable because of
the low shutter speed (4 × 10−4 s) compared to the time scale of the
jet, which results in inherent averaging. Because of the problems
in imaging at very high shutter speeds of above 10 kHz (required
to resolve the turbulent shear layers at 5–7 kHz), a better solution
would be to use a high-power short-duration flash to illuminate
the background. However, the focus of this work was not to cap-
ture the instantaneous density field in the shear layers but rather
to obtain a mean picture. Hence, the exposure time used here is
satisfactory.

IV. Results and Discussion
A. Validation of Tomographic Technique
1. Validation of Extraction of Central Plane on Multijet Flows

Figure 4a shows the background dot pattern at θ = 0 deg for the
four-jet case. Because of the cruciform configuration, three jets are
visible along the line of sight with the center jet being an integrated
effect of the one diametrically opposite to it. The blurring of the
dots in the vicinity of the shear layers and the shocks is caused
by inadequate imaging speed compared to the shock unsteadiness
and turbulence of the shear layers. The cross-correlation algorithm
blanks out the corresponding mesh points. These are later interpo-
lated from the neighboring mesh points. Although this results in a
loss of resolution, it does not result in an erroneous conclusion (as is
seen by observation presented later, where the shear layer is clearly
demarcated again). Figure 4b shows the displacement field calcu-
lated from cross-correlation of the images under no-flow and flow
conditions. The cross-correlation was carried out on a 200 × 200
grid fitted to the image. The top and bottom jets are seen as well as
the integrated effect of the other two at the θ = 0 deg (section AA)
plane. The background dot pattern imaged at θ = 45 deg (section
BB) is very similar except in jet spacing and, hence, has not been
reproduced here.

As pointed out earlier, the displacements obtained through cross-
correlation are the gradients of the density field. The derivative of
the density gradients forms an elliptic partial differential equation

a)

b)

Fig. 4 Background imaged though multijet flow at view angle
θ = 0 deg: a) background dot pattern at 0 deg and b) corresponding
displacement (density gradient) field.

also commonly known as the Poisson equation (see Ref. 9 for de-
tails). Neumann boundary conditions are chosen in which a normal
derivative is specified at the boundaries. To fix the integration con-
stant, it is required to peg the density value to a known (reference)
value in the flowfield. This point is chosen to be the jet exit and, thus,
the method performs well when the density is predicted correctly
elsewhere in the flow and in the ambient (see Ref. 9 for details). The
setup geometry and lens parameters are used to effect the unit con-
version. This is then solved on the same rectangular grid and yields
the line-of-sight integrated density field as seen in Fig. 5. This pro-
cedure is repeated for the data obtained from imaging at θ = 45 deg.
These two density fields then form the input projected data set for
the filtered backprojection. The same procedure has been adopted
for the axisymmetric sonic jet as well, excepting that a single data
set (θ = 0 deg) is sufficient.

Figure 5 corresponds to one of the two (θ = 0 deg) projected data
sets as input to the tomographic algorithm. The density contour
lines show the two jets in the centerplane (section AA) clearly. At
the center, the field is not so clear due to the integrating effect of
the other two jets on either side. Furthermore, the “center jet” also
appears larger as it is slightly out of focus. No attempt has been
made to filter out the noise from the entire region to avoid artifacts
generated by the filtering process. However, the signal-to-noise ra-
tio in the regions of interest is adequate for drawing unambiguous
conclusions.
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Fig. 5 Projected (line-of-sight integrated) density field as computed
from the Poisson equation.

Figure 6a shows the backprojected normalized density field at
the central plane. Only the two jets in the central vertical plane with
exit jet diameters of about 36 mm and separation of about 20 mm
are visible. This shows that the extraction of the central plane us-
ing tomography has been successfully achieved. Furthermore, the
grayscale mapped to the density shows the expected distribution,
as also seen in Fig. 6b, which shows the variation of centerline
density for the lower of the two identical jets. The value from isen-
tropic relations at the nozzle exit is also indicated. The bright spots
are due to the density rise at the intersection of the shocks at the
end of the shock cells and would have been seen again a couple
of shock cells downstream had the imaging extended farther down-
stream. This is also seen in the single axisymmetric underexpanded
jet, which will be presented in the next section. Figure 6c shows
the density extracted along section CC (parallel to AA but passing
through the jet nearest the camera). Although the extraction of the
plane is achieved, the picture shows considerable noise. Hence, al-
though the extraction of the desired planes has been achieved, the
resolution of Figs. 6a and 6c would be better with two improvements.
First, improved imaging speed would reduce not only the blurring
and subsequent interpolation but also the background noise. Sec-
ond, only two perspectives have been chosen between the angles 0
and 45 deg. This decreases the resolution of the nondiametral sec-
tions (e.g., CC). However, only two perspectives were chosen due
to the fact that in a noisy environment (due to small vibrations of the
background) multiple perspectives would only result in increasing
the noise, thus negating any improved resolution. However, with
increased imaging speed, the noise would reduce and increased per-
spectives would improve the resolution of the shock cells and shear
layers.

2. Validation of Density on Ideally Expanded Sonic Jet
The results from application of BOS on the ideally expanded

sonic jet are first presented and compared with the centerline den-
sity variations, which were calculated from pitot measurements us-
ing isentropic relations. The density gradients are increasingly pro-
nounced with increase in degree of underexpansion. For moderately
underexpanded cases, the density gradients become weaker and the
sensitivity of the system has to be increased,9 thereby also ampli-
fying the sources of noise in the background. For ideally expanded
cases, care has to be taken to ensure that slight vibrations or noise
in the imaging do not manifest as density gradients.

Figure 7a shows the comparison of the centerline density (nor-
malized by ρa) variation from BOS and through calculation from
pitot probe measurement on the same setup for the ideally expanded
sonic jet. As expected, the density normalized by the ambient re-
mains very close to unity from the nozzle exit downstream, and
the two measurements exhibit excellent agreement. The slight mis-

Fig. 6a Backprojected density field in the central plane of the four-jet
configuration.

Fig. 6b Variation of centerline density for lower jet of four-jet
configuration.

Fig. 6c Plane passing through front jet: cross section CC.

match at the exit (of the order of 1%) is due to the fact that the
pitot measurements were made from a different run. However, the
drop (∼99% of exit value) at x = 5D in each case is comparable.
Figure 7b, which shows a plot of the radial variation of jet density
normalized by ambient value across the jet at x/D = 1, shows uni-
form distribution of density as expected for this case. The BOS is
now applied to a highly underexpanded supersonic jet to extract the
density field.
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Fig. 7a Axial variation of centerline density in ideally expanded jet.

Fig. 7b Radial variation of density at x/D = 1 in ideally expanded jet.

B. Results on the Underexpanded Jet
Figure 8a shows the integrated density gradient (displacement)

vector field for the same case. This was obtained from a cross-
correlation algorithm whose interrogation size was set at 24 × 24
pixels in size. The vectors point to regions of decreasing density.
This corresponds to bidirectional schlieren. The characteristic fea-
tures of highly underexpanded supersonic jets are observed in the
figure. Figure 8b is a contour plot of jet density in the central plane
of the jet over a streamwise extent of 4.3D. Because the flow is un-
derexpanded, expansion waves and an internal weak shock system
appear in the flow. Thus, there is Mach wave radiation correspond-
ing to the structures moving at supersonic velocity in the shear layer.
This shows that the structures traveling in the shear layer as well
as the Mach waves have been picked up, hence demonstrating the
sensitivity of the system. It can be observed that the ambient den-
sity is well represented in the plot. Figure 8c plots the variation
of normalized centerline density with axial distance. As is charac-
teristic of underexpanded jets, the pressure oscillation in the flow
begins with a smooth expansion from the sonic value at the exit
(indicated in the plot) followed by recompression toward the first
pressure peak in two stages. This corresponds to a sharp decrease
in the density from the value at nozzle exit (ρe/ρa = 3.32 from
isentropic relations) to a minimum at x/D ∼ 0.5, followed by an
increase to almost the exit value. Thereafter, the density oscillation
continues over the imaged region up to x/D ∼ 4. This corresponds
to the shock system seen in the conventional schlieren for the same
case. The mean ρe/ρa over this region is seen to be unity, as should
be the case. The increase of density over the Mach disk is not instan-
taneous but occurs across a region because of the finite size of the
interrogation region in the correlation algorithm and the finite time
duration of the exposure. Reductions in both of these would lead to

Fig. 8a Vector field of density gradients in the underexpanded jet
(Pe/Pa = 3.17) obtained from cross correlation.

Fig. 8b Density contours in the underexpanded jet (Pe/Pa = 3.17) using
BOS.

Fig. 8c Axial variation of normalized centerline density for underex-
panded jet (Pe/Pa = 3.17).

sharper density images and higher resolution in the regions of the
shock.

Figure 9 shows typical features of a highly underexpanded jet.
The main features of the flow are evident, as is the consistency
with the results just presented. Figure 10a shows the conventional
schlieren of the jet (Poj/Pa = 6, Pe/Pa = 3.17) with the knife edge
in the horizontal position implying that density gradients in the
vertical plane (∂ρ/∂y) are obtained. Although BOS yields the
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Fig. 9 Schematic of typical features in a highly underexpanded jet.

Fig. 10 Underexpanded jet at Poj/Pa = 6: a) conventional schlieren
(horizontal knife edge) and b) corresponding density gradient field from
BOS.

density gradients in both directions, only the corresponding field
(∂ρ/∂y) in the central plane is shown here (Fig. 10b) for comparison.
The qualitative features of the shocks are identical in both images.

V. Conclusions
The BOS technique has been successfully applied to determine

the mean density field of an underexpanded sonic jet for the first
time. This effort involved two major steps:

1) The FBPT technique validation was successfully carried out
using a multijet configuration. Two view angles were used to obtain
the central plane of the configuration. The results show that the
technique is capable of obtaining a desired plane of interest from a
line-of-sight integrated data set.

2) Comparison of the density field of an ideally expanded jet
obtained with BOS exhibited good agreement with pitot data and
was thereafter applied to a highly underexpanded sonic jet to obtain
density contours.

The obtained density field shows all of the familiar features of
an underexpanded jet, such as the curved shock at the lip and in-
ternal weak shock system. However, the high unsteadiness of the
jet resulted in a slight averaging at the current sample rate. Shorter
exposure times, brought about by either increasing shutter speed
or reducing illumination pulse width, can successfully address the
problem. Furthermore, the results are less prone to noise for flows
with large density gradients. However, this study shows that mean-
ingful quantitative density data can be extracted by using minimal
hardware with this methodology.
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